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Abstract. For an integrable Hamiltonian H = \Y^i=iVi — 2), we show 
that any Lagrangian torus with a given unique rotation vector can be destruc- 
ted by arbitrarily C 2d_(5 -small perturbations. In contrast with it, it has been 
shown that KAM torus with constant type frequency persists under C 2d+(5 -small 
perturbations f[P]). 
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1. Introduction and main result 

For exact and area-preserving twist maps on annulus, it was proved by Herman 
in [HI j that invariant circles can be destructed by C 3-5 arbitrarily small perturba- 
tions where 5 is a small positive constant. A variational proof of a similar result was 
provided in jWj . For certain rotation numbers, it was obtained by Mather (resp. 
Forni) in [Mai] (resp. [F]) that the invariant circles with those rotation numbers can 
be destroyed by small perturbations in finer topology respectively. More precisely, 
Mather considered Liouville rotation numbers and the topology of the perturbation 
induced by C°° metric. Forni was concerned about more special rotation numbers 
which can be approximated by rational ones exponentially and the topology of the 
perturbation induced by the supremum norm of C w (real-analytic) function. For 
certain positive definite systems with d-degrees of freedom, Herman found that all 
invariant Lagrangian tori can be destructed by C d+1 ~ s arbitrarily small pertur- 
bation in [H3], where Lagrangian torus is a natural analogy to invariant circle in 
multi-degrees of freedom (see Definition 11.31 below). 

In contrast with it, the KAM theory claims the existence of d-dimensional in- 
variant tori in nearly integrable systems with d degrees of freedom. More precisely, 
Moser proved that the invariant circle with constant type frequency of an integrable 
area-preserving twist map is persisted under arbitrarily small perturbations in the 
C 333 topology ( |Molj ). Due to the efforts of Moser, Russman, Herman and Poschel 
( [Hl]lH^lM^lM^ lPllRl ] lR2]). it was obtained that certain invariant tori are per- 
sisted under arbitrarily small perturbations in the C M+<5 topology for Hamiltonian 
systems with (i-degrees of freedom under non-degeneracy conditions. In particu- 
lar, Herman proved in |H2j that for area-preserving twist maps on annulus, certain 
invariant circles can be persisted under arbitrarily small perturbations in the C 3 
topology. 

Comparing the results on both directions, it is natural to ask whether the 
C 2d+5 conc iition can be reduced to C r condition (r < 2d) to ensure the existence 
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of Lagrangian torus. In [C], it was proved that KAM torus with a given rotation 
vector does not exist if one carefully construct perturbations arbitrarily small in 
(j2d-S topology. But this does not imply non-existence of invariant Lagrangian 
torus. Indeed, it exists in the example in [C] . 
In this paper we prove the following: 

Theorem 1.1 Given an integrable Hamiltonian H${y) = ^ X^Li vf (,d>2), a rota- 
tion vector uj and a small positive constant 5, there exists a sequence of C°° Hamil- 
tonians {H n (x,y)} n ^ such that H n (x,y) — > Ho(y) uniformly in C 2d ~ s topology and 
the Hamiltonian flow generated by H n (x,y) does not admit any Lagrangian torus 
with the rotation vector uj, where (x,y) £ T 11 x i'' and to E M. d . 

This theorem implies that the rigidity of the Lagrangian torus is as the same 
as for the KAM torus. Roughly speaking, if no Lagrangian torus with the rotation 
vector uj survives under an arbitrarily small perturbation in C r topology, the maxi- 
mum of r is closely related to the arithmetic property of the rotation vector uj. If uj 
is a constant type vector, then r is at most 2d — 5. If uj is a Liouville vector, then r 
can be arbitrarily large. If uj can be approximated exponentially by rational vectors, 
then no Lagrangian torus with the rotation vector uj survives under an arbitrarily 
small perturbation in C w topology (see [Be]). 

In T*T rf , a submanifold T d is called a Lagrangian torus if it is diffeomorphic to 
the torus T d and the non-degenerate closed 2-form vanishes on it. For positive defi- 
nite Hamiltonian systems, if a Lagrangian torus is invariant under the Hamiltonian 
flow, it is then a graph over T d (see |BPj ). An example of Lagrangian torus is any 
KAM torus. 

Definition 1.2 T d is called a d- dimensional KAM torus if 
. f d is a Lipschitz graph over T ; 

• T d is invariant under the Hamiltonian flow generated by the Hamiltonian 
function H; 

• there exists a diffeomorphism <ft : T d — > T d such that o & H o <p = for 
any t £ 1, where : x — > x + uot and uj is called the rotation vector of T d . 

Generally, the rotation vector of the Lagrangian torus is not well defined if the 
Lagrangian torus contains several invariant sets with different rotation vectors. In 
this paper, we are only concerned with Lagrangian tori with given unique rotation 
vectors. 

Definition 1.3 T d is called a d- dimensional Lagrangian torus with the rotation 
vector uj if 

. T d is a Lagrangian submanifold; 

• 7~ d is invariant for the Hamiltonian flow <& l H generated by H. 

• each orbit on 7~ d has the same rotation vector. 

In order to use a variational method, we recall the definition of action mini- 
mizing orbit for a positive definite Lagrangian system L(x,v) satisfying superlinear 
growth with respect to \v\ x (see [?]). 
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Definition 1.4 An orbit 7 G C ac ([ti, £2], T d ) (absolutely continuous) is called an 
action minimizing curve for L on [ti, ^2] if 

I 2 L( 7 (t),j(t))dt < ! 2 L(7(t),i(t))dt, 

for every 7 G C ac ([ti, £2]) T rf ) satisfying 

• 7(*l) = 7(*l); 7(*2) = 7(*2); 

• 7 and 7 are in the same homotopy class, equivalently, their lifts to M. d connect 
the same points. 

In |H4j . it is proved that each orbit on T d is an action minimizing curve. Ac- 
tually, in order to prove Theorem 11, 1| we only need the following properties of 
Lagrangian torus: 

• it is a Lipschitz graph; 

• every point possesses an action minimizing orbit with rotation vector oj. 

A rotation vector uj G M. d is called resonant if there exists k G Z rf such that 
(oj,k) = 0. Otherwise, it is non-resonant. The following approximation of the 
rotation vector is found in [C]. For any given vector oj G K d with d > 2, there is a 
sequence of integer vectors k n G Z, d with \k n \ — > 00 as n — > 00 such that 

(i.i) \{",^)\<nnd=T, 

I "-re I 

where C is a constant independent of n and | • | denotes Euclidean norm, i.e. \k\ = 
(52j=i ^i) 1 ^ 2 f° r ^ = (^l) fe> ■ ■ ■ j ^d)- (we fix the norm once and for all.) If uj is non- 
resonant, this sequence contains infinitely many indivisible integer vectors. Here, we 
call the integer vector k G "L d indivisible integer vector if Xk ^ Z, d whenever |A| < 1. 

Since a generic hyperbolic perturbation results in the transversality between 
the stable manifold and the unstable manifold, a Lagrangian torus with resonant 
rotation vector can be destructed by analytic perturbation arbitrarily close to zero. 
Hence, it is sufficient to consider a Lagrangian torus with non-resonant rotation 
vector. 

The system we consider consists of one pendulum, a rotator with d — 1 degrees 
of freedom and a perturbation coupling of them. By the transforation of coordinates 
(see (|3.2p ). the system with a given rotation vector oj can be reduced to the case 
with the rotation vector having a small first coordinate and a suitable large second 
coordinate. With variational methods, the full action of the system and the action 
of the pendulum near the separatrix are estimated. Moreover, it is obtained that 
there exists a point such that no orbit pass through it. Based on the correspondence 
between the two cases before and after the transformation (Lemma l3.2p . it is achieved 
that the original system admits no Lagrangian torus with the rotation vector oj. 

The paper is outlined as follows. In Section 2, we prove Theorem 11.11 for a 
special case with the rotation vector having a small first coordinate and a suitable 
large second coordinate. In Section 3, the transformation of the coordinates is given 
and based on that, we complete the proof of Theorem ll.il 
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2. Destruction of Lagrangian torus with a special rotation vector 

After a suitable transformation of coordinates, the problem with a given rotation 
vector to can be reduced to the case with the rotation vector having a small first 
coordinate and a suitable large second coordinate. In this section, we will prove 
Theorem II .11 for that case. 

The Hamiltonian function we consider here is nearly integrable 

(2.1) H n (q,p)=H (p)-P n (q), 
where (q,p) £ T d x M. d . For the sake of simplicity, we assume 

H (p) = \\p\ 2 . 

Since H n is strictly convex with respect to p, by the Legendre transformation, 
the Lagrangian function corresponding to H n is 

(2-2) L n (q,q) = \\q\ 2 +Pn(q), 

where q = ^ and q = (qi,q 2 , ...,%)• 
Let ^ 

p n(q) = — (1 -cosgi) +v n {qi,q 2 ), 
n a 

where a is a positive constant independent of n. For the rotation vector to = 
(fjjx, . . . ,tOd), v n (qi,q2) is constructed as follow 



(2.3) 



v n is 27r-periodic, 
suppv n n{[0,27r] x [-7r,7r]} = B Rn (q*), 
maX (91,g2)e[0,27r]x[-7r,7r] v n = v n (q*) = \loi\ 



where R n = '-^r, q* = (it, 0) and we require s' > 4, it can be satisfied for s suitable 
n 1 

large. / ~ g means that < f < Cg holds for some constant C > 1, 
For (|2.ip . we have the following lemma. 



Lemma 2.1 For n large enough, the Hamiltonian flow generated by H n (q,p) does 
not admit any Lagrangian torus with rotation vector to = (coi, . . . , cod) satisfying 

|wi| < n 2 and \lo2\ ~ n, 

where e > is independent of n. 

Lemma 12.11 will be proved with variational method in Subsection 2.3. First of all, 
we put it into the Lagrangian formalism. Let a n = n~ a . The Lagrangian function 
corresponding to (|2.2p is 



(2-4) L n (quQAuQ) = \\Q\ 2 + o^ 1 ! 2 + Un ^ ~ cos (^)) + v n{qi,q2), 

where Q = (q 2 , ■ ■ ■ L n (qi,Q,qi,Q) consists of one pendulum, a rotator with 

d — 1 degrees of freedom and a perturbation coupling of them. The pendulum has 
the following Lagrangian function 

(2.5) A n (qi, qi) = ^\<ii\ 2 + ^(1 - cos(gi)), 
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which corresponds to the Hamiltonian via Legendre transformation 
(2.6) h n (qi,pi) = 7}\Pi\ 2 ~ o"n(l - cosgi). 

2.1. The action of the simple pendulum 

Each solution of the Lagrangian equation determined by A n , denoted by qi(t), 
determines an orbit (qi(t) , Pi(t)) of the Hamiltonian flow generated by h n . Each orbit 
stays in certain energy level set (qi,pi) £ h~ l (e). Under the boundary condition that 
9i(^o) = 0, qi{t\) = 7r (or qi{t\) = TT,qi(t2) = 2ir), there is a unique correspondence 
between t± — to and the energy, denoted by e{t\ — to), such that the determined orbit 
stays in the energy level set h~ 1 {e{t\ — to)). More precisely, we have the following 
lemma. 

Lemma 2.2 Let q\ be the solution of A n on (to,ti) satisfying the boundary condi- 
tions 

fft(*b) = 0, 
\qiih) = vr, 

e(ti — to) be the energy of q\, i.e. (q~i,pi) £ h~ 1 {eit\ — to)) and oj\ be the average 
speed of q\ on (to,ti). // \uJ\\ < n~z~ e , then 

CJdn 



(2.7) e(ti - t ) ~ o n exp 

where a n = n~ a . 

Proof By the definition, we have 

2 1^1 1 2 ~ a niX ~ cos(<?i)) = e(ti - t ), 

hence 



|gi| = y/2{e(ti - t ) + <r n (l - cos(gi))). 

Since gi(to) = 0, then 

<h ~ to) = ^Mto)\ 2 < ^l^il 2 ~ n~ a ~ 2e , 

which together with a n = n~ a implies that o n je{t\ — to) 3> 1. Since the average 
speed of q\ is by a direct calculation, we have 



|wi| Jto Jo ^2(e{ti - 1 ) + o- n (l - cos(gi))) y/on \e(h - t ) 
moreover, 

e(*i - *o) ~ ctr exp 



l^il 

which completes the proof of Lemma 12.21 □ 
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Remark 2.3 It is easy to see that Lemma \2.2\ also holds for 

= 7T, 
\q 1 {t 2 )=2TT. 

Moreover, we denote the difference of time by At, then e(At) is an decreasing func- 
tion with respect to At > for any u)\ 6 R. 

The following lemma implies that the actions along orbits in the neighborhood 
of the separatrix of the pendulum does not change too much with respect to a small 
change in speed (time). 

Lemma 2.4 Leti\,ti € [£01*2]- Let qi(t) be a solution of A n on (£o,£i) and (£~i , £2) 
with boundary conditions respectively 

j<Zi(£o) = 0, fgi(£i)=7r, 

\<?l(£l)=7T, \<?l(£2) = 27T, 

and let q~i(t) be a solution of A n on (£o,£i) and (£i,£2) with boundary conditions 
respectively 

f<7i(£o) = 0, \q 1 (t 1 ) = 7r, 
\<Zl(£~l) = ^ > \qi{t2) = 2vr. 

Let Ui and u>'{ be the average speed of qi on (£o,£~i) ari >d (£1 , £2) respectively. Let u[ 
and Q'{ be the average speed of q~\ on (£o,£i) and (£~i, £2) respectively. We set 

= max{|w^|, ■ 

If \coi\ < n~2~ £ , then 



21 



/ A n (qi,$i)dt- A n (qi,qi)dt 
J to J to 



< C\\t\ — t\\a n exp 



l w i| 



Proof The proof follows the similar idea of Lemma 4 in [Bej . Let qi(t) be a 
solution of A n on (£o,£i) and (£i,£2) with boundary conditions respectively 

f<?i(£o) = 0, fgi(£i)=7r, 
[gi(£i) = 7r, \qi(t 2 ) = 2-K. 

We consider the function 

rti i-ti 
L(ti)= A n (qi,qi)dt+ A^qi^q^dt, 

v/2(e(£i - £ ) + V{ qi ))d qi - e(£i - £ )(£i - £ ) 



where 



+ / y / 2(e(t 2 -t 1 ) + V(q 1 ))dq 1 - e(t 2 - h)(t 2 - h), 

J TV 

V(qi) = a n (l - cos(gi)), 
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and e(At) denotes the energy of the orbit of the pendulum moving half a turn in 
time At. The quantity e(At) is differentiable with respect to At, then 



dL(t x ) 



e(ti - t ) 



y/2(e(ti - t ) + V(qi)) 

. 2n e(t 

e(ti - to) 



dqi - e(ti - to)(h - t ) 
~h) 



(2.9) 



K ^2(e(t 2 -ti) + F(gi)) 
+ e{t 2 -t 1 ){t 2 -t 1 ) + e{t 2 -t 1 ), 

e(ti - t )dt - e{ti - t )(h - t ) - e{t\ - t ) 

- [ 2 e{t 2 - h)dt + e{t 2 - h){t 2 - h) + e{t 2 - h), 
--e(t 2 - h) - e(ti - t ). 



to 



Thus, we have 



dL{ti) 



dh 



< |e(i 2 -ti)| + |c(ti-t )|. 



Integrate from t\ to t\ and from ()2.7p . it follows that 



*2 



A n (qi,qi)dt 



t 



t-2 



A n (qi,qi)dt 



t 



< C\\t\ — ti\a n exp 



C 2 ^/On 
l w l| 



which completes the proof of Lemma [27 



□ 



Remark 2.5 Since \2. 9\) holds for any u)% E K, combining with the monotonicity 
of e(At), it is easy to draw the following figure for L(t). L(t) is decreasing for 
t G (t , ^y 2 -} and increasing for t G [^^-jh). See Fig.l 
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Figure 1: L(t) 



2.2. The velocity of the action minimizing orbit 

Once the function qi(t) is fixed, the function Q(t) is the solution of the Euler- 
Lagrange equation with the non autonomous Lagrangian 

(2.10) L n (Q(t),Q(t),t) = ^\Q(t)\ 2 +v n ( qi (t), q 2 (t)), 

where Q(t) = (q 2 (t), . . . , qd(t)). The first derivative of L n (Q[t), Q(t),t) with respect 
to Q is easy to obtained as follows: 

^Lr, = ^ d dLn = Q for . = g ^ 

dq 2 dq 2 dqi 



s 
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From the construction of v n (see (|2.3p ). we have ||t> n ||c r ~ l w i| s '- It follows from 
s' > 4 that 



dqi 



< C|^i| 4 for i = 2,...,d.. 



Based on the periodicity of L n (Q(t),Q(t),t), by Lemma 2 of |BKj . we have the 
following estimate. 

Lemma 2.6 Let (qi(t),Q(t)) be the action minimizing orbit of L n with rotation 
vector oj, then for any t', t" £ M and t £ [t' , t"] we have 



(2.11) 



Qit) 



Q(t") - Q(t') 



t" - t' 



< C\ui\ 



2.3. Proof of Lemma [2TT1 

If the Hamiltonian flow generated by H n admits a Lagrangian torus with non- 
resonant rotation vector ui, then there is a unique minimal curve q(t) with rotation 
vector uj passing through each x £ T d since the Lagrangian torus is a graph. By 
|H4j . each orbit on the Lagrangian torus is an action minimizing curve. Hence, it is 
sufficient to prove the existence of some point in T d where no minimal curve passes 
through. 

Indeed, any minimal curve does not pass through the subspace (ir, 0) x T d ~ 2 , 
which implies Lemma 12.11 Let us assume the contrary, namely, there exists t± such 
that 

qi(h)=n, g 2 (*i) = 0, 

where q(t) = (<7i, ?2j • • • j 9d)(^) is a minimal curve in the universal covering space M. d . 
Because of u\ / 0, there exist to and t 2 such that 

gi(i ) = 0, qi (t 2 ) = 2TT. 

Obviously, to < h < t 2 . 
Claim t 2 — to ~ 

Proof We assume by contradiction that t 2 — to ~ l^il" 1 an d without loss of gen- 
erality, uj\ = o(|ci;i|) as n — > oo. Moreover, for [to,ti] and [ti,t2], there exists at 
least one interval with the length not less than |a>i| , otherwise it is contradicted 
by t 2 — to ~ |^i | _1 - Without loss of generality, one can assume that t 2 — t\ > \u>i\~ . 

From the definition of rotation vector, limt_ ) . 00 (gi(t) — qi(ii))/(t — i±) = uj\, we 
have that for any e > 0, we can find t^ > t 2 such that 



(2.12) 



<?i(tjv) - qi(h) 

LOl 



< e and qi(t]y) = Ntt, 



tiV - ti 

where N depends on n and N ^> 2. Then we have 

Ntt 

tjV — *l ~ i 

l^ll 

We choose a sequence of times t 2 < . . . < tjy satisfying qi(U) = iir for i € {2, . . . , N}. 
Moreover, it follows from Pigeon hole principle that there exists j G {2, . . . , N — 1} 
such that 

tj+i — tj < \uii\ , 
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where we consider the case qi(tj)mod2ir = and (7i(tj+i)mod27r = ir, the other 
case is similar. Let 91 (i^) = vr + R n and qi(t'j +1 ) = (j + 1)tt — R n , where R n is the 
radius of the support of v n . By the minimality of q(t), there exist positive constants 
C and C" such that t<i — t\ > C |cZ>i | 1 and tj +1 — tj < C"|<Di| _1 . Hence, we can 
substitute qi(t)\[p lt t 2 ] and qi(t)\[ tj j'. ^ by the orbits qy(t), qy>(t) of the pendulum A n 
(see (|2.5p ) with more uniform motion. Correspondingly, we substitute 92(£)|ft,t 2 ] and 
q2(t)\[t j .t'. +1 ] by the orbits 9 2 '(i), qyit) of uniform linear motion. Prom Remark 12.51 
the action of A n will decrease based on the more uniform motion of the pendulum. 
Since the motion of q2'(t), 92" W are uniform linear , then the actions of ^|92'(^)| 2 
and ^|<?2"(0I 2 are not greater than the action of ^|g2(i)| 2 - More precisely, similar to 
[Be], we denote 

T=\{t2-t' 1 +t' J+1 -t j ). 

Let Sj be the closest time to t'j +1 —T such that q2{sj)—q2{ij) = I where I G 2-7rZ. Since 
|cl>2 | ~ n , it follows from Lemma l2.6l that \t'j +1 — T—Sj\ < C/n. Let S2 = Sj — (tj — t2). 
Then qy(t) and qi"(t) are the solutions of A n on (i' 1 ,S2) and on (sj,tj +1 ) with 
boundary conditions respectively 

fft'(*i) = 9i(*i)> fgi" (sj) = gi(tj) = j'7t, 

\9i'(*2) = qi(t 2 ) = vr, = 9l(*j+l)- 



Correspondingly, we construct 92'(£) an d 9*2" (*) respectively 

2)~g2( 



<M*) = »&) + " 2(f2) '!f )+ V - ti), t G [ti,a 2 ], 



= 9*(*i) + I + " t G [ Sj ,^. +1 ]. 

Moreover, we set 

§1 : = 9l(i)|ftft] * 9l'(*)|ft, S2 ] * 91 (* - S 2 + t2)|[ 8a ,*j] * ?!"(*) I [a,-,tj +1 ] * 9l(*)l[*J +1 ,t,+i]» 
92 : = 92 (t) I ft ft] *Q2' (*) I ft ,«] * («2 (* - S2 + *2 ) I [s 2 , Sj ] + i) *92» (t) I [ Sj ,t' j+1 ] *92 (*) | ft +1 ,t J+1 ] , 

where * denotes the juxtaposition of curves. Let Q = (92, 93, • • • , 9<i) and Q = 
fe, 93, ■ ■ ■ , (Id)- Then we have 



/ L n (qi,Q,qi,Q)dt < / L n (qx,Q,qx,Q)dt, 
Jti Jti 

which is contradicted by the minimality of q(t). Hence, t 2 — to ~ ■ ^ 

Let ii be the last time before t\ or the first time after t\ such that 

1 92(^1) - 92(ti)| = 7T. 

Since |wi| is small enough for n large enough and \lu2\ ~ n, by Lemma 12.61 we have 
that for t G [to, £2]) |<?2(^)| ~ n , 

h-h < -A 

n 
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Without loss of generality, one can assume uj\ > and lo 2 > 0. Consider a solution 
q~i of A n on (to,ii) and on (ti , £2) with boundary conditions respectively 

j 9i(*o) = 9i(*o) = 0, fgi(ii) = qi{h) = tt, 

1 91 (*l) = 91 (*l) = 7T, 1 9l(^) = 91 (*2) = 27T. 



Since q is assumed to be a minimal curve, we have 
(2.13) 



* 2 . . Z"* 2 

L n (qi,Q,qi,Q)dt - / L n (q 1 ,Q,q 1 ,Q)dt > 0. 

See Fig.2, where xi = (gi(ii), 92(^1)) = (tt,0), x = (91 (*o), 92 (*o)) = (0, 92(^0)), 
x 2 = (qi(h), 92 (fe)) = (27r,g 2 (t 2 )), ^ = (7r, -7r) and x'/ = (7r,7r). 



2tt 



9l 









TV 71 




— 1 













1 
1 











-«s 


3-0 




g2 — 






— =»- 



Figure 2: The projections of the curves (qi(t),Q(t)) and (q~i(t),Q(t)) on [0, 27r] x E 

(q~i(t),q 2 (t)) passes through the point x[ or x'[. Thus, by the construction of 
L n , we obtain from (|2.13|) that 



rti rt2 rt2 

(2.14) / Antfu&dt- / Anfaqfidtt v n (q 1 ,q 2 )dt 



*2 



v n (qi,q 2 )dt. 



to 



By the definition of i> n as (|2.3p . we have the following claim: 
Claim (gi(t),g 2 (*)) ^ suppt; n for i 6 (*o,*2)- 

Proof We assume by contradiction that there would exist t such that (q\ (t) , q 2 (t)) S 
suppt> n , without loss of generality, one can assume t > t\. By Lemma 12.61 for any 

t£ [t h t\, 

92 (*) < Cin, 



hence, 



t-h> 



C-2 



11 



where C\, C 2 are constants independent of n. 

Let ui[ and £j'{ be the average speed of gi on (to,*i) and (i 1 , *2 ) respectively, 

then 

2tt it it 

i r 1 ~ / 1 1 ~ //1 ' 

|£Jl| IWjl 



hence, 



, /, 1, ,,-//, 1, 

|^i I > 2 a 2 



which together with the Euler-Lagrange equation of qi(t) implies that for any t £ 

qi(t) > C 3 |wi|, 
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consequently 



Ni I 



\qi(t) - qi(h)\ >GY 
n 

where R n is the radius of the support of v n . Since R n = then we have 

\qi(i) ~ qi(h)\ > Rn, 

which is contradicted by the assumption (qi(t), qi(t)) £ suppt> n . □ 

Hence, we have 

rt2 rti rti 

/ v n ( qi ,q 2 )dt- / v n (qi,q 2 )dt= v n (qi,q 2 )dt. 

J to J to " to 

By the construction of v n and the minimality of (q± , Q) , a simple calculation shows 



(2.15) 



v n (qi,q2)dt > |wi| 



to 



where A is a positive constant. Consequently, if follows from (|2.14p that 

(2.16) I* A n {q u qi)dt- [ * A„(gi, qi )dt > \u x \ X . 

On the other hand, consider a solution q~\ of A n on (toi^i) and on (ti,i2) with 
boundary conditions respectively 



<?i(*o) = ?i(*o) = 0, 
qi{h) = qi(h) = 7T, 



ftfe) = qi(h) = 2vr. 



For t £ (to)^i) an d (ii , ^2) respectively, the action of A n achieves the minima along 
q~i(t). Thus, we have 

/ A n (qi,qi)dt> \ A n {qx,q~ x )dt. 

J to J to 



We compare the action ff 2 A n {q\,qi)dt with the action f* 2 A n (qi,qi)dt in the 



'2 



alternative cases, which is based on the choices of t±. See Fig. 3, where t 



t +t 2 



ti 



% ti / 



Case 1 



Case 2a Case 2b 

Figure 3: The choices of t\ 
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In this case, the average speed of q± on (to, £~i) and (£1, £2) have the same quantity 
order as \oj\\. By \ti — £~i| < we have |£~i — £| < 2^. Hence the average speed of 
q± on (£o,£i) and (ti , ^2) have also the same quantity order as |wi|. Thus, Lemma 
12.41 implies 

/ A n (qi, qi)dt - I A n {qi, q ± )dt < — a n exp ^ • 

J t J t n \ m\ J 

Case 2: \h~i\ > 

In this case, we take t\ such that |£i —i\< |£~i — i\, which can be achieved by 
the suitable choice of the position of Qi(ti). More precisely, 

• if £ 1 > £ H — a (Case 2a in Fig. 2), we choose t± as the last time before £1, 
corresponding to ((/i(£i), 92 (£1)) = 5'i m Fig-2; 

• if £~i < £ — ^ (Case 2b in Fig. 2), we choose t\ as the first time after £1, 
corresponding to (qi(£i), 92(^1)) = m Fig. 2. 

For Case 2a, £1 G [£, £~i]- For Case 2b, £1 G [£~i,£]. From Remark 12.51 it follows that 
L(£i) - L(t) < 0, i.e. 



/•*2 , r*2 

/ A n {qi,q{)dt- I A n (g~i, <ft)d£ < 0. 



fi 2 _ />*2 

(qi,qi)dt - 

Hence, for any t\ G (£o;£2), we can find £1 such that 

ft2 rt2 ft2 ft2 



[•12 _ rt2 ft2 _ /"I2 

/ A n (q\,q\)dt- I A n (qi,qi)dt< / A n (qi,qi)dt- A n (gi,gi)d£, 

< — cr n exp 



Since 

1 1 — — — f 
\iiJl\ < n 2 . 

It is easy to see that for n large enough, 

C5 ( C§y/On\ , ,a 
— cr n exp j— 5! — j — < wi , 

where cr n = n~ a , which contradicts to (|2. 16)) for large n. This completes the proof 
of Lemma 12.11 □ 



3. Destruction of Lagrangian torus with an arbitrary rotation 

VECTOR 

By (jl.ip . for every non resonant rotation vector uj = (wi, . . . ,u>d) (d> 2), there 
exists a sequence of integer vector k n G 1i d satisfying \k n \ — > 00 as n — > 00 such that 

C 
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Lemma 3.1 There exists an integer vector k' n such that 

(3.1) (k n ,k' n }=0, |*4l ~ 1*^1 and \{k' n ,u}\ ~ \k n \. 

Proof For d = 2, Lemma 13.11 holds obviously. In fact, it suffices to consider 
k' n G Z 3 . Let k' n = (k' nl , k' n2 , k' n3 ) be the integer vector satisfying (|3.ip . then for 
k' n G Ij d , one can take k' n = (k' nl , k' n2 , k' n3 , 0, . . . , 0) to verify Lemma I3TT1 

Since oj is non-resonant, then \k n \ — > oo, for n — > oo. Let II be the plane 
orthogonal with respect to k n . Let Sn a C II be the sector with central point (0, 0, 0), 
central angle a and radius R satisfying a ~ 1. Let the angle between u and one 
of the radii of Sr be /3, where j3 ~ 1 and ^ > a. Without loss of generality, we 
assume k nl ■ k n2 ■ k n3 / 0. Let e\ = {-k n2 ,k n i,0), e 2 = (0, -k n3 , k n2 ), then e±, e 2 
are the generators of the hyperplane (x,k n ) = and satisfy |ei| < \k n \, \e 2 \ < \k n \. 
Hence, we take R ~ \k n \, then it is easy to see that the sector Sn a contains at least 
one integer point m = {mi,m 2 ,m 3 ) satisfying \m\ ~ \k n \ for n large enough. 

We take k' n = (mi — 0, m 2 — 0,m 3 — 0), then \k' n \ ~ \k n \. Let 9 be the angle 
between k' n and to, then 9 ~ 1. Hence, 

\{k' n ,u}\ = \k' n \\uj\\ cos9\ ~ \k n \, 

which together with {k n ,k' n ) = and \k' n \ ~ \k n \ implies that the integer satisfying 
(|3.1|) does exist. □ 



3.1. Transformation of coordinates 

By Lemma 13. 1| we choose a sequence of k n £ Z d satisfying (jl.ip and an integer 
vector sequence k' n such that (k' n ,k n ) = 0, \k' n \ ~ \k n \ and \(k' n ,u)\ ~ |fc n |. In 
addition, select d — 2 integer vectors l n 3, ■ ■ ■ Jnd such that k n ,k' n ,l n 3, . . . ,l n d are 
pairwise orthogonal. Let 

(3-2) K n = (k n , k n , Z n 3, . . . , l n d) . 

We choose the transformation of the coordinates 

q = K n x. 

Let p denotes the dual coordinate of q in the sense of Legendre transformation, i.e. 
p = Q£r, it follows that 

y = Kp, 

where denotes the transpose of K n . We set 



then 




It is easy to verify that 

^J $ n = J , 
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where 

1 



Jn 



1 



where 1 denotes a d x d unit matrix. Hence, $ n is a symplectic transformation in 
the phase space. 

Lemma 3.2 If the Hamiltonian flow generated by H n (x,y) admits a Lagrangian 
torus with rotation vector u, then the Hamiltonian flow generated by H n (q,p) also 
admits a Lagrangian torus with rotation vector K n uj, where (q,pY = ^ n (x,y) t . 

Proof Let t d be the La grangian torus admitted by H n (x,y), a symplectic 
form vanishes on T x T rf for every x € l~ d . Since K n consists of integer vectors, 
then T d := K n f d is still a torus. is a symplectic transformation, hence T is 
a Lagrangian torus. From Definition 11.31 each orbit on T d has the same rotation 
vector oj. Let j(t) be a lift of an orbit on T" rf , it follows that 

7(*)~7(-*) 
uj = hm . 

t— s-oo It 

For j(t) = K n ~/(t), we have 

Hm 7(*)-7(~*) = Hm K n ^t) ~ Kn7(-t) . 

t—^oo 2t t— >oo 2t 

= K n hm 

t— ¥00 It 

= K n u. 

This completes the proof. □ 



3.2. Proof of Theorem [HT] 

We construct H n (x,y) as follow: 

(3.3) H n (x,y) = ^\y\ 2 -P n (x), 

where 

= |I 1^+2 ( 1 ~ cos ( k n,x}) + JTri2V n ((k n ,x), (k' n ,x)) 



where A4 is the second row of K n and v n is defined by ()2.3|) . Let g = -fT n x. In 
particular, we have 



(3.4) 



qi = (k n ,x), 
q 2 = {k' n ,x). 



By the transformation of coordinates and the Legendre transformation, the La- 
grangian function corresponding to (|3.3|) is 



L n U,Q,q u Q) =lj2]ri2 + M]2 
(3.5) Z i= 3 |tm| 1 nl 

+ TT12 ( Jl^l 2 + T7~ 1 u( 1 ~ cos fe)) +«n(?1.92) ) , 
l^nl \^ \ K n\ J 
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where Q = (q 2 , . . . 

For the Hamiltonian flow generated by (|3.3p . by Lemma E2J for the destruction 
of the Lagrangian torus T d with rotation vector u, it is sufficient to prove that the 
Euler-Lagrange flow generated by (|3.5p admits no the Lagrangian torus T d := K n f d 
with rotation vector K n u. Let K n u = (cji, . . . , u^)- 

Replacing n by | k n \ in the proof of Lemma [2.1l we have that the Euler-Lagrange 
flow generated by (|3.5p does not admit any Lagrangian torus with rotation vector 
satisfying 

Here, it should be noted that since \k' n \ ~ \k n \ and the argument in Section 2 only 
involves first two components of the system, then it still holds for (|3.5p . From the 
construction of K n , \ui\ = \(k n ,u)\ which together with (jl.ip implies 

C 

Based on Lemma I2TT1 it suffices to take 

C . i — — e 

|T \d-l ~ \ kn \ 2 ' 

which implies 

(3.6) a < 2d - 2 - 2e. 

It follows from §Z3§ and fl3J3j) that 
\\H n (x,y) - H (y)\\ C r 
= \\Pn(x)\\cr, 

= \k n \~ 2 (\k n \~ a \\l - cos(A; n ,a;}||c + \\v n ((k n ,x),(k' n ,x))\\ C r) , 

< \k n \~ 2 ( c x \k n \- a ^ + c 2 \k n \- sl ^ d - 1 ^ 

< a 



>,(\k n r a - 2 + \k n r^ d -^), 



where a is a small positive constant independent of n. To complete the proof of 
Theorem II. 1\ it is enough to make r — a — 2 < and r — 3(d — 1) — 2 < 0, which 
together with (|3.6p implies 

r < 2d - 2e. 

Taking 5 = 3e, this completes the proof of Theorem 11.11 □ 



Remark 3.3 Based on the strategy of the proof, it is easy to see that the com- 
pletely integrable part ^\y\ 2 of VS. 3\) can be generalized to ^(My,y), where M = 
diag(mi, . . . , m^) and mi (i = 1, . . . , d) are positive constants independent of n. If 
M is a general positive definite matrix, some technical difficulties would appear. 
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